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We consider the interaction of an infinite plane with an infinite vortex
filament passing through the origin of coordinates normal to the plane,

As a physical model of the problem under consideration we may con-
sider a plate pierced by a slender rotating rod of great length. If the
plane is absent, the fluid motion is determined by the laws

o pCy?
Vo=, P= P“>__753
where Vg is the tangential component of the velocity vector, Poo the
pressure at an infinite distance from the vortex filament. The vertical
and radial components of velocity v, and v, will vanish,

Priction of the stream at the plane leads to secondary flow, the study
of which is of interest in connection with the hydrodynamic processes in
vortical or cyclonic combustion chambers. The problem may also be of
interest for dynamic meteorology.

The origin of the secondary flow may be understood as follows. Fluid
particles near the plane lose their circulatory velocity, and the centri-
fugal-force field consequently disappears at the plane. As a consequence
of the predominant action of the pressure field near the plane, a flow
arises in the direction of pressure drop, that is, toward the axis of
the vortex, and with a velocity that is determined by the appearance of
a shear force that compensates the loss in centrifugal force. As a result
of continuity, fluid particles must acquire a motion along the axis away
from the plane. An analogous picture of secondary flow arises also for a
fluid rotating at infinity like a solid body [11.

1. Mathematical formulation of the problem and reduction of
equations. Assuming the fluid incompressible and the motion steady and
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axisymmetric, we obtain the Navier-Stokes equations in a cylindrical co-

ordinate system

ov, ov, 7,2 1 0P 9 1 0rv, 0%,
gt ug — ==t (a e tam)
9, v, ”r 9 1 0y, 6 Ve orv, oy,
Ur o +vz 62 <8rr Br 022) 797——{_6_7.:0 (1.1)
o ov, 1 9P 1 9 Ov, 0%,
Wm+mm=—?m+%mﬂw+aﬁ
The boundary conditions are
Vp =0, = v, =0 at z=0
Vp = (—:9 , b =P, pCo at z=oc0
the fluid is at rest at infinity, that is
V=9, =1v,=0, P = P, at r = oo

and at r = 0 the component v, is finite and v_= 0 (the condition that

neither sources nor sinks exist).

We introduce the dimensionless functions

"y ro, O — v, w_r_vz . ri(P—P.)
- G’ TG G o pCo?

Then the system (1.1) transforms to

du ou ut 4 @ o | 2= v 0%u {1 0u , d%u
u5;+w5—z_ r ——_-__I—-——-I_C_'or<5r—“i r6r+8z’)

o0 oD v (00 100 0D du |, ow

3;+ 9z (6r2 r 6r+8z> _+3£_0 (1.2)

ow ow  uw v 0w 1 6w 0w
”E+WE—T—“&+a%w—rm+ﬂ+mQ

The corresponding boundary conditions take the form

u=0=w=0 at z=0
O =1, J‘t=-—-% at z= o0
u=w=0 at r=20

We seek a solution of the system (1.2) having the following properties:

(a) The functions u, ®, w, 7 should be continuous in the entire closed
half-space except, perhaps, the origin of coordinates and the "point"
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with coordinates r = &, z = oo,

(b) As the boundaries of the hal f-space are approached, these func-
tions should tend to the limits determined by the boundary conditions.

The dimensionless dependent variables u, ®, w, 7 should be functions
of all possible dimensionless combinations formed from the quantities r,
z, v and CO. From these four quantities it is possible to form two and
only two independent dimensionless combinations

v z
_=k, T:—..'n

The quantity 1/k plays the role of a Reynolds number. It can there-
fore be asserted that any of the functions u, ®, w and » cannot depend
on r and z separately, but only on the single combination 7. The number
k plays the role of a parameter. Thus the problem posed has been reduced
to the class of self-similar problems [2].

We introduce n into the system (1.2), bearing in mind that

P _se ne #_ta
a2 rtdnt U rdy’ 022 rtdn?

0__zd o_1d
= 7 dn
Then we obtain the equations

o' w—nu) —u?— P = + 2n 4+ k{(1 +v3)u”’ + 3qu’l (1.3)

QO'w—nu)y =k [(1 + n?) D' + 3nd’] (1.4)
ww—nu) =—n +k[(1+n)w + 3w +w] (1.9)
= nu’ (1.6)

In transforming the boundary conditions we note that by the introduc-
tion of the single variable n the points (~, z) and (r, 0) coalesce into
the single point n = 0, and the points (0, z) and (r, =) coalesce into
the point 7 = e, (Here the argument n is indeterminate at the points (0,
0) and (=, =).) Consequently

t=0=w=20 at 1=0 1.7

ut=w=0 {®=1, n=-— at n=o00 (1.8)

We observe a certain relation between the functions u and w that is
indispensable for what follows. It can be shown that
U — 20
hm(w——nu)—hm =0

r—0 CO
z90

so that
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w—nu=20 at % =oc 1.9)

Because according to the condition (1.7), u= 0 at r = « for all
z #£ oo, it follows that

. d . ; . a '
i:n;d_‘;zsﬁnu =£t£z£=0, at W (0)=0 (1.10)
200

We obtain from (1.5) the indefinite integral with respect to 7
n=—ww—nu +k[(1+n3)w +nw)+C (1.11)

For the determination of C; we take 7 » = . Then in view of (1.7) and
(1.9) the first term of (1.11) vanishes; we calculate

M = lim (y?w’ 4 qw) = limn ()’ = lim (r — C;) = — - — C;
N0 00 n—>00
so that the limit sought exists. We consider the limit

L=1:'uxl]—"fl—"i
oo 1R

for the calculation of which it is possible to apply L’Hopital’s rule*;
since the limit of the ratio of derivatives

s () g '
b iy = o =

exists under these conditions, it follows that L = M. On the other hand

- zv -
L= llm—cf’/i_u’lcloln'q= 0 (1.12)

r—0

since v, is bounded at r = 0. Tus M= 0 and C, = ~ 1/2.

We introduce a new variable and a new function

7 1 VI 2
e T R SR A (w~ﬁ;§u)(i.i3)

Then proceeding from (1.6) it is not difficult to obtain

= —(— Ay —ay, w=VI—R@G—a) (1.14)

* For the conditions of applicability of L'Hopital’s rule see, for ex-
ample, [ 3 ]. Attention should be drawn to the comment on page 321.



A paradozical solution of the Navier-Stokes equations 917

vhere primes denote differentiation with respect to x.

If (1.11) is substituted into (1.3), Equations (1.3) and (1.4) can be
transformed into the form

—k(—ay =1 = APy a2 (115)

o' =k(1 — D (1.16)

The boundary conditions are
yO =0 yW)=0 ¥y @O =0 (1.47)
D (0) = 0, O1)=1 (1.18)

The first of conditions (1.17) follows from (1.13) and (1.7), the
second from (1.13) and (1.9), and the third from the first equation
(1.14) together with (1.7); the conditions (1.18) follow from (1.7) and
(1.8).

These conditions are just sufficient, because the system (1.15)-(1.16)
is equivalent to one fifth-order equation.

Differentiating Equation (1.15) gives

—k (1 — &Py + dks (1 — ) y" = 200" 1S (1.49)

or

kR — )y + shay" = —2 2% Ly (1.20)
We integrate (1.19) by parts

— k(1 — 2%)y" + 2kzy” — 2y = — 28 Sdz— 2 (P 4+ Cy (1.20)

We then integrate (1.20) twice

£ oz = (1.21)
~k(1—x2)y’—-2kxy=——2§dxgdzg%dx-— y;_*_C_szﬂfw%x_ch
0 0 0

Now setting x = 0 we find, by virtue of the conditions y(0) = 0 and
y°(0) = 0, that C; = 0.

The constant C, is *superfluous®, since it originates from the fact
that the order of Equation (1.15) was increased by differentiation. To
determine C, we compare (1.15) and (1.20) at x = 0. In so doing it is
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necessary to take into account the fact that xy” = 0 at x = 0, which is

easily seen by differentiating the second equation (1.14) and using
(1.10),

Setting x = 0 in (1.15) and (1.20), we find

—ky" (0) = 1— 54" (0), —ky" (0) = —5¥¥ (0) + Ce

Comparing these expressions we obtain C, = 1. Consequently, (1.21)
can be written in the form

X X x
Zk(i—x"‘)y'+4kxy~y2=4gdx&dxx%dm~—x3—{—C;c:F(m) (1.22)
Q g g

To determine the constant C we use the second condition (1.17), which

gives F(1) = 0. Thus reverting to the variable # and Equation (1.13) we
find

d
(1-—3:2)63—3;:»&——1—_:72(20»—*13&&)

Hence in virtue of (1.8) and (1.9) we have that (1 — x%)y” » 0 as
- o (x» 1),

Integrating (1.16) we obtain in succession

x

O’ =aexp Sﬂiﬂi—iﬁ)’ 0= a§[exp §k (;’fﬁ)] dx (1.23)
0 0 0

The constant a should be determined from the last of conditions (1.18),
We note that a = ®°(0), Further, let
y=2k{1—2a9)S8 (1.24)
Then from (1.22) and (1.23) we have
, F @) e
8§ =84 D, (D_ag{exp§25dx]dx (1.25)
H

Here

x

a= {§ [eXpSQS d:c} dzj *,  S(0)=0 (1.26)

0

where the last condition follows from (1.17).
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2. Analysis of the equations. In what follows particular signi-
ficance is attached to the sign of the function

F(z)=4 :§d:c §dx§

0 4]

[Ofeng
{— a2

dz— 2% + Cz (2.1)

The function y(x) is continuous in the entire closed interval (0, 1).
Therefore according to (1.23) ® (x) is continuous in the interval

0 < x < 1, Also, ®’ cannot change sign. Consequently the function ®(x)
is monotonic. But since ®(0) = 0 and ®(1) = 1,

Q)<< tor 021 (2.2)

We transform (2.1), using the formula for transformation of a multiple
integral into a single integral, giving

Fz)=2 Sf‘:‘}: OO’ dt — a2 + Cz
0

or
x

F(x)zzg%tﬂma_xucx (2.3)
0

Determining C from the condition F(1) = 0, we find

x 1
t (D2 Ot
[ x

The last two terms in (2,4) are strictly negative; hence if the func-
tion ® is replaced in (2.4) by its upper limit ® = 1, the right-hand
side of (2.4) is not thereby increased, that is

1
S — 2| e (2.5)

F(w)}x—x2—2(1——x)2 (1= %2 (1+1)2:‘50

S

x

Thus F(x) > 0 for 0 < x < 1; considering (2.5) it follows from (1.25),
on the basis of Chaplygin’s theorem on differential inequalities [4],
that S > 0, and consequently also y » 0.

Since ® > 0, it follows from (1.16) that also ®” > 0.
The results obtained permit establishing the inequality
D (x)<z for 0K (2.6)

In fact, (2.6) is equivalent to the inequality
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H(z) =® (z) —z<0

The function H(x) has a continuous derivative and vanishes at the
points x = 0 and x = 1; consequently, according to Rolle's theorem, it
has at least one extremum in the interval 0 < x € 1. The condition
®” > 0 establishes that there is only one such extremum, because between
two extrema there must be an inflection point, which is excluded by the
condition ®”> 0. Furthemmore the condition ®”> 0 also shows that H(x)
has a minimum. But a function having a single minimum in the interval
[0, 1] and vanishing at the end points is necessarily negative, which
also proves the inequality (2.6).

From the inequality (2.6) follows in an obvious fashion the first
paradoxical result

a<(1 for arbitrary k (2.7)

which contradicts the ideas of boundary-layer theory, according to which
a~ 1/yk so that as k - 0 the quantity a should increase without limit
(see [51, where a problem analogous to that considered here is solved
by Pohlhausen’s method).

The inequality (2.6) permits the inequality (2.5) to be made more
precise. Replacing the function ®(t) by ¢t in (2.4), we obtain the in-
equality

Fy>4ln2—-2)z+ 222 — (1 —2) In(1—2) —(1 4+ 2*ln (1 + 2
= F1 () (2.8)

The function (2.8) is inconvenient for what follows; we therefore
introduce

Fr (@)=L 2 (1 — 2o (2.9)

It can be shown that F,(x) > F,(x) in the interval 0 < x < 1 (this
follows graphically from Fig. 1). But, as is easily seen

Fz(x') s
Fi{a) —

lim

x—1

Therefore the inequality F,(x) < F,(x) is satisfied everywhere on the
interval [0, 11, or taking (2.8) into account

F(z)>Fz2(x) for 021 (2.10)

We consider the equation



A paradozical solution of the Navier-Stokes equations 921

o =1t W (2.11)

The solution of (2.11) satisfying the condition r (0) = 0 has the form

3= Ty ) 1
T= xVz -f_:;,(m'f‘) (\x*&’c}/ﬁ') (2.12)
Comparing (2.11) with (1.25), in virtue of the inequality (2.10) we
conclude on the basis of Chaplygin’s theorem on differential inequalities

that

S{@y>1(x) for 0Lzr<1 (2.43)

But the inequality (2.13) cannot be
satisfied for arbitrary values of the para-
meter k. Indeed, (2.12) represents a mero-
morphic function having poles at the points

Za = (3kV Zpa)" (2.14)
g 1 sk 1 1 Z
R ™ S i, are the roots of the equation
Fig. 1. J_1/3(p.'5= 0. Since S(x) is a continuous

function in the interval [0, 1 ] it is
necessary, in order for the inequality to be satisfied, to require in any
case that the first pole of the function (2.12) lie outside the interval
[0, 11, that is

1 1
$1>1, or k>§‘m~*‘é‘ (215)
If the condition {2.15) is not satisfied, S{x) cannot be a continuous
function in the whole interval [0,1]. Thus a second paradoxical result
is found: for Reynolds numbers greater than 8 the problem posed does not
have a bounded solution.

3. Proof of existence and uniqueness of solution for small
Reynolds number. We prove that if 1/k < 4.8096 then: (a) under the
condition y(0) = O the system of equations (1.22) and (1.23) has a solu-
tion that is unique and continuous in the interval [0,11; (b) as x> 1
the function y(x) has a limit equal to zero; (c) all the initial condi-
tions for the functions Vo U, Uy and p are satisfied. We will solve
the system of equations (1. 255 and (2.4) by the method of successive
approximations based on the following scheme:

O, = (g [exp g 2Sn_ldx] da:) / (g [exp § 2Sn,.1d:cJ d.'r) 3.1

[h] 0
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1 2

D,
g dt— 23 g e dt (3.2)

Fpo=a0z—2*—2(1— 2§
R

v F, (2
So =0, S e )}dx (3.3)
0

Oy =2

We have

Fl:(41n2—2)x+2z2—(1——x)21n(1—x)—(1+x)2ln(1+x)

1 Lin(+e )—!—Jr—z—xan———l—lni—‘F—z-}—

Sl=4k2[1+x 1—z 2

+%1—§—:m(1—x)]

As is evident, S,(x) is a continuous function in the entire interval
0,11, with 8;(1) = (1 - In 2)/4k%. Thus all functions in the first
approximation are continuous for 0 < x < 1. Let us assume that the func-
tions S, _,, F,_y, ®,_, also possess this same property. We prove that
S”; Fn: (I)n are then also continuous in the interval [0,11].

The continuity of ® (x) and ®,"(x) follows immediately from (3.1),
with @ (x) < 1 and ®,"(x) <M, where M, is the maximum value of the
positive function @ (x).

From (3.2) we have F (1) = 0. We compute F "(1).

Fo)(1)= —1-+ 4&3111 [(1 - x)i(f?fzf)ij

0

1L D2(1) =0

because @, (1) = 1. Using (2.1) we find
m ?
F. = 48 e dr— 2

0

Substituting here the estimates obtained for ®, and ¥, we obtain

Fu' <2Mnln 722

Integrating this inequality twice between the limits x and 1, we find

Q2 21 —a) -+ 1—2cIn2 +

Fo(2) <<2M, {
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AP 1)) — - oy =2 {7 1 2 — 1
+HPE e — ()= = (=2 (3.4)
Hence
Fo(2) < Mn(1— 22 [‘iifzih‘ﬁ_lnu—x)] (3.4)

In virtue of the fact that @ (x) < 1, it follows from (3.2) that
F, (x) > 0.

Substituting the estimates obtained for F (x) into (3.3), we find
that S (x) is continuous everywhere in the interval [0,1], since accord-
ing to "(3.4) the expression F, (x)/ 4k%(1 - 2?)?] has an integrable
singularity at the point x = 1 Hence by the method of induction we have
proved the continuity of all approximations in the interval [0,1]. We
prove their convergence under the condition 1/k < 4.8096.

In virtues of the facts that S, = 0 and F, (x) > 0 we conclude from
(3.3) that

S1>80 = 0 (3.5)

We show that 1f Sn >S,_, then ® 1 S ®,. We consider the differ-
ence

Vo @ Y. ‘I’n+1(x)‘~I—" ) —¥ppy (), (@)

(Dn+1—(Dn = \Fn..}.l (1) - \I/-n (1) — n-|—1 (1)\1,/' (1)

Here and henceforth we introduce the notation

¥, (2) = gq)n_l (2)dz, o (z) = exp 3 28 nda

0

In virtue of the inequality S, > S, _, we can write
Sn = Spy + 8 ()

where 8(x) > 0. In this case

X

$n = exp S 28dxexp g 28ndx = @ (&) Yn_y
0 0

where the functions ¢(x) and ¢, _, are continuous and positive, and more-
over the function ¢(x) is non-decreasing, since
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¢ (z) = 28 expg 20dz > 0

0

On the basis of the theorem of the mean we have

S ¢ (t) $n—adt = 9 (0) S%-ldx 0<8<a) (3.6
o )

Considering this we find

@ 26— ¥al®) 0oy
O = Pn = 9 (62) $,(1) (0 <0< 1) (3.7)

We prove that 6, < 0,. Assuming that 6 = 6(x), we differentiate (3.6)
with respect to x. We have

X

# (@) s (1) = O () + 5 G | o

In view of the fact that ¢(x) > ¢(0) and d¢p/d 6> 0, we conclude that
d6/dx > 0; since x < 1, this proves that 6 <6,, from which #le,) <
#(0,), and consequently also, according to ?3.7),

(Dn—[-l \< ch (38)
Using the estimate (3.8) we obtain, according to (3.2),

Proceeding from (3.5) we find successively ®, < ®,, F, > F}, and
according to (3.3) S, > ;. We assume that S, > S,_; then (3.8) and
(3.9) are valid. Using (3.3) we form the difference

: Foii— Fp
Sppr~ Sn = S [(S?’ — Saa) + ZE'Z%_:EE)T] de>0,  Sut12>Sn
]

Thus it is proved by the method of induction that all the successive
approximations form the sequences

D >D:>...2>0.>... (3.10)
(IR S PRGN G (9 G (3.11)
0SS .<Sn. . (3.12)

But according to (3.1) the function ® > 0. Therefore the sequence of
functions (3.10) has a limit

D (a:) =.lim (Dn (33) as n-—> o (3.13‘
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Again by virtue of the inequality ® > 0 we conclude from (3.2) that

Fa<ao—22< 20— 22) (3.14)
The bound (3.14) means that the sequence (3.11) also has a limit
F (z) = lim Fy, (x), as 1 —> 0o (3.15)
Substituting (3.14) into (3.3) we obtain
x
2 1
0
We consider the equation
’ 1
[+ =G2+m—, 0(0)'——“0 (3.17)
Solving (3.17) by the method of successive approximations, we obtain
¢ 1
Gy = 0, COp — S[Ui__l + m] dx (3.18)
0

We subtract from the inequality (3.16) the equality (3.18)

x

S — 00 <\ (S%ey — 0%y dz (3.19)

=Y

We have
x

Sl—-al<0, S2—52<S(S]_2——'°12)d.’13<0 etc.

0

It is easy to see that in general S, <o,, and also
I<ao<...{o, <.

But according to Picard’s theorem o converges in a certain interval
I to the exact solution o, which is easily found by solving (3.17):

_ B Jo ()~ Yo () Jo(8) ] Yo (b) _Vi== 1
S RO ACF AT (‘ % b= 2,,_) (3.20}

Noting that as x varies in the interval [0,1] the variable t varies
between the limits 0 < t < b, we find the roots of the denominator of
(3.20), that is, we solve the equation

Ji(t) _ Je(d)
Y1) T Yo(d)

(3.21)

We solve (3.21) graphically. Figure 2 shows graphs of the functions
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Jo(£)/Yy(t) and J,(¢)/Y;(t). To determine the first root of Equation
(3.21) we proceed as follows. We take the point t = b and find the value
Jo(8)/Y,(b). Then we draw a horizontal line corresponding to this value
to its intersection with the curve J,(¢)/Y,(t). The abscissa of the point
of intersection gives the desired root t,. From examination of Fig. 2 it
is not difficult to convince onesel f that if b < Ay, where A; is the
first root of the equation JQ(/\) = 0, then the root t;, lies outside the
interval [0, b]. Consequently, for

b:%<M:mM8 (3.22)

Equation (3.31) has no root in the interval [0,1].

This shows that under the condition (3.22) the function (3.20) has no
singularities in the open interval 0 < x < 1. We investigate the be-
havior of this function in the neighborhood of the point x = 1 (¢ = 0).
Using for the functions Y, (t) and Y,(t) the representations

2 t 2 1
Yo(t)'\—'—;‘lny, Yl(z)""—‘—;”‘{“ as ¢ —0
we find that as ¢t » 0
b2 P 1 Vi—= 5
o~ I = — gl oy (3.23)

Thus under condition (3.22) the function o(x) is continuous in the
interval [0,1] and has a logarithmic singularity at the point x = 1.
This result allows the assertion
that the interval of convergence [
of the successive approximations
o, can be extended up to the point
1 - ¢, where 0 < ¢ < 1. Consider~
ing this we f{ind

0SS <o <o
for O0<Cae <<l ~—ze (3.24)

The non-decreasing sequence
(3.12) is bounded from above. This
means that there exists

S (2) = lim S, (x)
Fig. 2. n—>00
for 0<Cae<Cl—zs

We consider the question of the behavior of the function S in the

neighborhood of the point x = 1. From (3.23) we find that the expression
s (x)
T—In(l—=)
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should be bounded everywhere, that is
Sna(@<o(@<ANl —-In(1 — 2)] (3.25)

Differentiating (3.1), substituting (3.25) into it, and letting n » «,
we find that @’ {(x) is bounded in the entire interval [ 0,11; that is,
there exists a lim M, = M for n 5 «. Substituting (3.25) and (3.4) into
(3.3) we obtain

x
M
Sn <S{A2[1 —In(1—2)P + ﬁ%[?’_*'_;l'!-?— In(1 _x)]} dz  (3.26)
0
Letting n » o« we find that the right side of (3.26) is bounded as
x » 1, Hence it follows that the function S(x) is continuous in the
entire interval [0,1], Thus it is proved that the successive approxima-
tions converge if

4. < 4.8096 (3.27)

Furthermmore, it is not difficult to see that the limiting functions
S(x), F(x) and ®(x) satisfy the system of equations (1.25), (2.4) and
the conditions (1.26). The solution obtained is unique. Indeed, the func-
tion F in (1.25) is represented analytically through S, because the right
side of (1.25) satisfies a Lipschitz condition in the interval [0,1].
This guarantees the uniqueness of the solution.

It remains to show that the solution found satisfies (1.17) and also
very strong conditions of boundedness on v, and v _= Oatr=20,

From the preceding, S(1) = N is bounded, and in conformity with (1.24)
Yy~ 2kEN (1 — xz), y' ~ —4kN as z—1

Hence it is evident that (1.17) is satisfied. Using (1.14) we obtain

ro.

re
u = C: ~ 2kN 7w

(r—»O)

re

= L 4N 250 )

w C, * Ve 322

which also gives a useful result. Finally, using (1.11) and (1.12) it is
easy to find that lim7 = -~ 1/2 as 5 > .

Thus is proved: for Reynolds numbers less than 4.8096 the problem
posed has a solution that 1s unique and continuous everywhere except at
the origin of coordinates; for Reynolds numbers greater than 8 a bounded
solution of the problem does not exist.
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4. Approximate solution of the problem for very small
Reynolds number. If k -+ o, then ®(x) » x according to (1.23). Thus
®(x) ~ x for very large k; then F(x) = F (x) (2.8). According to (1.25)
§’.= 8% for k = ; this together with the condition S(0) = 0 gives S £ 0,
and means also that y = 0. Let k # =, but sufficiently large that the
term y2 in Equation (1.22) can be neglected. Then

2k (4 —a®)y + bdkey= (4ln2 — 2) x4 22 — (1 — z)2ln (4 — z) —

— (@4 2Pln(+ ) (4.1)
The solution of (4.1) with the condition y(0) = 0 has the fomm
y:*‘.;Tlrx+(2ln2—1)x2—1_;x2 lnh:ix_xln(i—xz)} (4.2)

Thus y ~ k1, and in the left side of (1.22) we have neglected a tem
of 0(k™2) in comparison with terms of 0(1). We introduce into considera-
tion the stream function in the meridional section

r r o)
¥ = (j‘t Srvzdr: kgwdrzkz S w_(_i%:kr(w—'f,u)::er2+z3y=kRy
%9 0 S

R 1+ x? 14+ =
W:T[x+(2\n2—1)x2~— D) lnf_—gc—xln(i—x“)] (4.3)

Bearing in mind that x = cos 6, where 6 is the angle measured in the
meridional plane from the positive Z-axis, and using (4.3), it is easy
to construct the streamlines, shown in Fig. 3 for equally-spaced values
of ¥: 0.1, 0.2, ... 1. As is evident, the character of the secondary
flow corresponds to the ideas given in the introduction.
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